PROBLEM B-1305
VIRGINIA RHETT SMITH AND ELL TOREK




PROBLEM

= For any positive integer n, prove that

n
k=1



IDENTITIES

Sk, F,

Ln+m - (_1)an—m

Ln+m + (_1)an—m
F3n43 = 2F3,+ L3y,

—F3, 3 = 2F3, — L3,
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PROOF

= We will be expanding the summation to reach a generalizable closed-form
expression.

= Since the summation can be expanded for any value n, we will be usingn =1
for this presentation.



=

Z Fry F g Ly,

k=1

= Since n = 1, this becomes

FpFr. Lp,



STEP 2

LF3 (FF3FL3)

" |dentity | is

SFpFm = Ln+m - (_1)an—m

= After using identity |, this becomes

1
gLFs(LF3+L3 =l 1)



STEP 3

1

5LF3 (LF3+L3 — LFa—Ls)

= Distribute

1
g (LF3 LF3+L3 - LF3 LF3—L3)



STEP 4

1
g (LFs LF3+L3 — LF3 LFs—Ls)

" |dentity 2 is
LynLy, = Ln+m -+ (_1)an—m

= After using identity 2, this becomes

il
5((L2F3+L3 + LLs) = (L2F3—L3 + L—Ls))



STEP 5

1
g((L2F3+L3 + LLa) = (L2F3—L3 + L—La))

= |dentities 3 and 4 are

Fspny3 = 2F3, + L3,
2F 3n — L3n

—F3, 3

= After using these identities, this becomes

%((LFG Bl — (g s )



STEP 6

1
_5'(LF6 + LLs _ LFo _ L—Ls)

" The identity defining Lucas numbers with negative subscripts is
NS T

= After using this identity, this becomes

1
g(LFs - LL3 — LFo - LLs)



STEP 7

1
g(LFs = LFo + LL3 - LL3)

= The terms L;, and —L; cancel out

1
E(LFS - LFO)



STEP 8

= For any value of n, this can be generalized to a closed form expression

1
g(LF3n+3 & Lan) =1

= Using identity |, the other side of the equation can be transformed to

1

FF3n+1 FF3n+2 — E(LF3n+a + Lan) —



GENERAL EXPRESSION

= The same cancellation applies for any value of n to reach the same expression
(FryFry) Ly + (FroFrg) L + (Fry Fiy) Lr,

1
g((LF’s-l-La - LF’:-L:)LFB + (LFH-M - LP.—I.;)LF. o (LF9+L9 - LFO—M)LPO)

1
=((LrsLrs+rs — LrsLry—15) + (LrsLrg+16 — LrsLrs—16) + (LR LRy+1o — Ly Lry—1,))
5



GENERAL EXPRESSION (CONT)

%((L2F3+14 + Lis) = (Laps—15 + L1s) + (LaFgy1s + Lii) = (Laks—1s + L L)
+ (L2rssLs + Lig) — (L2Fs—L + L-Lg))

1
5(14?5 + Ly, — Lpy,— Lyy+ Lpy,+ Lpy, — L, — Lpg + L2 + Ly — Ly — Li,)

1
E(Lr.z + Lg, — Lp, — Lg,)



THANKYOU
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